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ANGLES AND TRIGONOMETRY

Indrek Zolk

Abstract. In this note, we introduce the sine and cosine functions on (abstract)
angles that are defined as equivalence classes of vector pairs. We avoid power series,
differential and integral calculus. The number 7 emerges as the limit of repeated
application of half-angle formula (the Viete formula). It is shown that the functions
defined coincide with ordinary sine and cosine.
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1. Introduction

A quite typical treatment of trigonometric functions is the following. At
school, these functions are first defined in a right triangle (i.e., for angles in [0, 7]).
After that, they are expanded to the whole real line, perhaps using unit vectors ro-
tating around the unit circle. This treatment is not rigorous (as is school geometry,
in general).

In university-level mathematics, however, the students are either told that
“basic definitions were already given at school” or these functions are defined rig-
orously using power series, differential equations (e.g., [1], [3]), or arclength or area
of a sector [4], or, as a minimalistic alternative, using functional equations.

This note defines angles at first, defines the sine and cosine for angles, and in-
vestigates some of their properties in the manner that they eventually coincide with
the “ordinary” sine and cosine functions. The derivative, power series, differential
equations, the concepts of arc length or area are avoided completely in the further
sections. The reasoning will be mostly done in the Euclidean dot product on R?;
however, elements of the exposition can be used for some other dot products.

A number of results in this note are such that their proofs are straightforward
verification. For these results, the proofs have been omitted.

Our goal is to find functions s,c: R — R satisfying the assumptions of the
following theorem.

THEOREM 1. [Main result of [5]] For any pair of non-constant continuous
functions s,c: R — R satisfying the two conditions

(1) Va,y e R c(z —y) = c(z)e(y) + s(x)s(y),
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@) lim 2@y,
z—0+ X

there holds

& x2n+1 0 N $2n
s(x) = nzzo(—l)"ma c(r) = nZ:O(—l) @) z €R,

i.e., s and c coincide with the “usual” sine and cosine, respectively.

2. Non-oriented angles

Let E be any Euclidean space, i.e., a linear space over R with dot product
(-, ) that is bilinear, symmetric, and positive for any non-zero vector dot-multiplied
by itself. Denote ||| = \/{x,x) for all ¢ € E.

Denote X = E'\ {0}. Consider a relation on X x X as follows:
(z, u) (y,v)

(x,u) ~ (y,v) <« = -
[l - flull Nyl - [l

PRroOPOSITION 1. The relation ~ is an equivalence relation.

In order to avoid brackets, we denote an equivalence class by [x, u] instead of

(2, u)].

PROPOSITION 2. [Cauchy-Schwarz inequality] For any two vectors x,u € X
there holds
e (mw)
=l T

Proof. We expand the left hand-side of

(o e ) =

DEFINITION 1. We say that a non-oriented angle between two vectors @, u €
X is the equivalence class [x, u]. Denote by Ng = X x X/~ the set of non-oriented
angles.

The cosine of a non-oriented angle is

Cos[z, u] := M
]| - [
The case Cos[z,u] = 0 is denoted, as usual, by L wu.

We emphasize that [z, u] = [u, z] since the dot product is commutative.

Next, we verify that if (either) vector is multiplied by positive scalar or if both
vectors are transformed orthogonally, the angle remains the same.
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PROPOSITION 3. Let k> 0. Then [kx,u] = [z, u].

PROPOSITION 4. Let T: E — E be an orthogonal transformation, i.e., a
linear transformation that preserves the dot product. Then [T (x),T(u)] = [z, u].

Orthogonal transformations include rotations and reflections, in general, all
transformations that preserve angles and vector lengths.

To proceed with the definition of the sine of an angle, we need the oriented
angles since we expect the sine to be an odd function. All further discussion will
be done for the case £ = R2.

3. Angles

Denote X = R?\ {0} and consider a relation on X x X as follows (denote
T = (21, 72),u = (u1,u2),y = (Y1,%2),v = (v1,v2)):

Tiui+Tous . Y1V1+Y2v2
llefl-flwll = lyll-floll
T, u)~ v =
( ’ ) (y’ ) iU —ToUy __ Y1V2 "YUy
lleel- [l llyll-loll -

PROPOSITION 5. The relation =~ is an equivalence relation.

DEFINITION 2. We say that the angle between two vectors &, u € X is the
equivalence class [x, u] := [(z,u)]. Denote by A = X x X/~ the set of angles.
The sine and the cosine of the angle [z, u] are
T1U2 — ToUy T1U1 + ToUs9

Cosl, ul = Al

Sinfe,ul = Sl

respectively.

We see that if @ = (ug, —uq) then Sin[x, u] = Cos[x,u]. As the correctness
of the definitions of sine and cosine follows from the fact that = is equivalence
relation, due to Prop. 2, we have defined the functions Sin, Cos: A — [—1,1].

Note that again angle is invariant of the length of vectors. For orthogonal
transformations, we must be more careful since, in general, (x,u) % (u,x). We
have the following.

PROPOSITION 6. Let k > 0. Then [kx, u] = [z, u].
PROPOSITION 7. Let a,b be real numbers such that a® +b* = 1. Let
)=o) ) ()=G ) ()
Y2 a b X9 )’ Vg a b uy )
Then (y,v) ~ (z,u), and |ly|| = [lz[|, [|o] = [jul].
Proof. We have

y1 = bry —azre, Yo =axry+bre, vy =buy —aus, vy = auy + bug,
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hence
Vit y5 = (boy — aw2)” + (azy + bx2)” = (o + b%) (2] + 23) = 2{ + 23,
analogously v? + v3 = u? + u3, and
y1v1 +y2ve  (bxy — axg)(buy — aug) + (axy + bra)(aur + bus)
lyll - lloll ] - [l
(a% + V%) (v1u1 + w2u2)  Tiu + ToUs

][ - [ I ETR T

Yiva—YaUi _ TiUp—ToUy g
IR [EIRIEA]

analogously

The matrices of the form (2 —a) as in Prop. 7 will be called rotation

b
matrices. The component vectors &, u € X of the angle a = [, u] will occasionally
be called the legs of angle o.

Note that we can always choose the representative of the form ((1,0),u) (in
general, we can choose the first leg to be any non-zero vector). Indeed, for any
(x,u) € X x X, 22 + 23 = 1, we can find the respective rotation matrix: (a,b) is
the unique solution of

()= (e ) ()= 2)(8)

Assume from now on that all representatives of equivalence classes are pairs
of length 1 wvectors. This can be achieved as in view of Prop. 6, scaling vectors
leaves the angle unchanged.

PROPOSITION 8. We have Sin[(1,0), (u1, uz)] = ua, Cos[(1,0), (u1,u2)] = uz.
4. Sum of angles

The following definition has been inspired by adding angles visually: the sec-
ond angle should be rotated in the manner such that its first leg coincides with
the second leg of the first angle. The sum is the angle between the first leg of the
first angle and the second leg of the second angle. (Bear in mind that all legs are
assumed to be unit vectors.)

DEFINITION 3. Let [z, u], [u,v] € A. We define the sum of angles [x, u] and
[[’U,, U]] by

[z, u] + [u,v] = [z, v].

Note that [z, u] + [u,z] = [(1,0), (1,0)].
In order to simplify calculations, we derive the expression of the sum of angles
expressed using arbitrary length one vector pairs.

THEOREM 2. For any two angles [z, u], [y, v] there holds

[z, u] + [y, v]
= [, (uav1y2 + u2v1Y2 — U2V2Y1 + UIV1Y1, U2V2Y2 — U1V1Y2 + U1V2Y1 + U2V1Y1)].
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In particular,

[(1,0),u] + [(1,0),v] = [(1,0), (—uzvz + u1v1, urv2 + ugvy)].

Proof. We use the suitable rotation matrix for the representative of the second
angle and apply the definition of the sum. m

PROPOSITION 9. For any angle [(1,0),u], we have

[[(170)7 u]] + [[(170)7 (170)[[ = [[(1’ 0)7“]]7
ﬂ(lv())vu]] + ﬂ(l,O), (u1, *u2)]] = [[(1,0), (170)]]'

DEFINITION 4. We denote 0 = [(1,0),(1,0)] and call it zero angle.

For any angle o = [(1,0), (u1,u2)], we call the angle [(1,0), (u1, —usz)] the
conjugate angle of o and denote it by —a.

For angles a, 8 € A denote a — = a + (—0).
THEOREM 3. (A,+) is an Abelian group.
Proof. 1t is perhaps easiest to prove associativity by
([, u] + [u,0]) + [v.w] = [2,0] + [, w] = [2,w] =
= [=, u] + [w, w] = [z, u] + ([, v] + [v, w]).

Commutativity is obvious, the zero element is the zero angle and, for any angle, its
inverse element is its conjugate angle. m

For any n € Z and a € A, we denote

a+...+a, ifn>0,
—_—

n addends
0, if n=20,

—(—n)a, if n <0.

no =

PROPOSITION 10. For all o, 3 € A, there hold

Sin(—«a) = —Sina,
Cos(—a) = Cos a,
Sin(a £ 8) = Sina Cos B = Sin 8 Cos
Cos(a £ 3) = Cos e Cos 8 F Sin « Sin 3,
Sin 2a = 2 Sin a Cos av,
Cos2a = (Cosa)? — (Sina)?.
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Proof. As an example, we prove that Cos(a — 3) = Cos a Cos 8 + Sin «r Sin 3.

Let o = [(1,0),u] and 8 = [(1,0),v]. Now —5 = [(1,0), (v1, —v2)]. Due to
Theorem 2,

a—B=a+ (=) =1[(1,0), (uave + urv1, —usva + ugvy)].
Using Prop. 8, we conclude that
Cos(a — ) = ugvg +ujv; = SinaSin 3+ CosaCos 5. =

Call 9= [(1,0), (0,1)] the right angle. We have Cos 9= 0 and Sin 9= 1.
Call ~= [(1,0), (—1,0)] the straight angle. We have Cos = —1 and Sin ~= 0.

PROPOSITION 11. For any a € A, all angles 8 € A that satisfy 20 = «, are

of the form
H ( 1+Cosa 1—Cosa>ﬂ
\ n Sin )4/

i.e., of the form

H(l,O), (\/Hgosa,(sgnSina)\/l_g()SOé)ﬂ + k-, ke {0,1}.

Proof. In order to find all angles 8 for which 5+ = «, we take 8 = [(1,0), u],
find 23 = [(1,0), (u? — u3,2ujus)], and solve algebraically the system of equations

(u? — u3, 2ujus) = (Cos a, Sin ), ui +ui=1. m

Define
Ao={a €A : Sina€|0,1], Cosa € [0,1]}.

Due to Prop. 12, the sine and cosine functions are periodic with period 4 9 and the
values in the quadrant Ay determine uniquely all their values.

PROPOSITION 12. For all o € A, there hold

; Sin(2- 9+a) = —Sina, Cos(4- 1T —a) = Cosa,
) Cos(2- 94a) = —Cosa, Sin(4- 9+a) = Sina,
) Sin(4- 1 —a) = —Sina, Cos(4- 1 +a) = Cosa.
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92
5. Dyadic values and

In this section, we shall determine many values of sine and cosine in the first
2

quadrant. Note that due to Prop. 8, for a = [(1,0), u] where uj,us € (0,1), we
17C05a)j|l )

have Sina = uy > 0 and Cosa = u; > 0.
DEFINITION 5. For any o € A, denote § = [{(1’ 0), (\/1+%osa’ \/

In particular, note that % = |[(170)7 (%, g)]]

ProrosITION 13. For all o, 8 € Ag, there hold
+
5 b - Cos 5
@ ; s - Cos @ ; ﬁ,
+8 L a—-p
- Sin ,
2 2

Sina =+ Sin 3 = 2Sin &

Cosa + Cos 3 = 2 Cos

Cosa — Cos 3 = —QSina

whenever =5=
any dyadic multiple of 9, i.e., for any angle from the set D- 9 where

B A,.
Def. 5 (see also Prop. 11) allows to calculate the values of sine and cosine for
D:{ L keNu{O},meZm[o,Qk]}.

Indeed, the steps are the following: halving the right angle k times and then adding

m copies of the result.

ProroSITION 14. For every k € N, we have
Sin (. 9) = \/2 \/2+\/2+ +V2
in|—- =—- —

2k 2 ’

It is well known that D = [0, 1], i.e., the set D is dense in [0, 1].

k radicals
1 1
Cos(—9)==-\/2+\2+V2+...+V2.
2k 2
k radicals
Moreover,
and m are decreasing and converge
k Cos(i»ﬁ) k
Sin(L"T) .
2k 2k is
Cos(zlk-‘?))k

(1) the sequences (Sin (55- 1))
"I))’c is increasing, the sequence

to 0;
1,
2k

(2) the sequence (2F Sin (
decreasing and these two sequences converge to the same limit 11 > 0.
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Proof. The closed formulae can be proved by induction, relying on Prop. 11.
2Sin( 1)

For the “moreover” part (1), denote ap = QSin( L ‘1) and by, = Cos(d7) "
3

o
and note that the following recursions hold:

alzﬁ, Q41 = 2—\/4—az,

2by,
24+/4+07
Now, as = V2 — /2 < V2 = a4, and since the function flz) =+vV2—-vV4—2?is

increasing on [0, 2], we can verify by induction that (ay) is decreasing. Similarly,

-1
by = ﬁ <2=by, and g(z) = 24_;% =2 (% +4/1+ ;%) is increasing on
[0,2], hence (by,) is decreasing. The limit value can be obtained by taking limits in
the recursions.

For part (2), note that 2f(x) > z and 2¢(z) < x for all z € (0,2), hence the
sequences (2%ay) and (2¥by) are strictly increasing and decreasing, respectively. By
induction, one can show that

by =2, bgy1=

)

, keN
4402

-

As (2Fby,) is convergent (it is decreasing and bounded by 0 from below), we have

4-4kp2

. k 2 .
h’gnél ay, :h}lern 4+bi

=1lim4*b}. =
k

REMARK 1. Prop. 14 is essentially IMC 2001 Second day Problem 2 [2].

REMARK 2. As the sequences (2%ay) and (2Fby) are strictly increasing and
decreasing, respectively, we have IT > 2a; = 2v/2 and II < 2b; = 4.

REMARK 3. The Viéte formula

\/2+\/2+\/2+...+\/§
2 . \/§ \/2+\/§ \/ 2+ 2+\@ k radicals
2 e *

— =lim — - .
2

dates back to already 1593 [6]. Moreover,

\/2+\/2+\/2+...+\/§

@\/2“‘\/§ V2+V2 \/g . k radicals
2

5 5 5
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Due to Remark 3, we shall denote 7w = II further on.

REMARK 4. In order to find all angles a for which o + o + a =1, we take
a = [(1,0),u], find 3a = [(1,0), (4u$ — 3uy, 3ug — 4u3)], and solve algebraically the
system of equations

(4u3 — 3uy,3uy — 4u3) = (0,1),  ud+uld=1.

We obtain that (ug,us) € {(0,—1), (i§7 £)}. The only such « that belongs to Ay
is [(1,0), (4, )]

6. Sine and cosine on the real line

For a real number a¢ and a positive real number b, we denote by a mod b
the least non-negative number ¢ such that b | a — ¢, i.e., such that there exists
an integer x such that bx = a — ¢. (Such a number ¢ always exists since the set
{r €Z : a—bx >0} is non-empty: we have a —b- |—|a|- [$]] > 0.)

Consider (R, +) as a group with respect to ordinary addition.

PROPOSITION 15. For any group homomorphism ¢: R — A (i.e., a function
that preserves group operation) such that (%) =1, its behaviour is fully described
by ©ljo,x]- The same applies to the corresponding functions Sin op, Cosop: R — R.

Proof. Straightforward verification shows that

p(m) =95+ 35)=9(F)+e(5) =1+ 1=,
p(2m) = 2¢(1) =~ + =0,

hence, for any x € R, firstly we have ¢(x) = ¢(x mod 27), and now, assuming that
x € [0,27), we have

x T
@(m)zgp(mmodg—l— \‘”J g) = p(x mod §) + {WJ -9
2 2
where {%J =1,2,3ifz €[3,7), z € [, 2]), or w € [3F, 27), respectively.
2
The precise formulae for Sin(z) and Cos(x) (for arguments € (F,27))

follow by Prop. 12. m
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Our goal is to verify that (at least one) such ¢ exists and that Sinoy and
Cos oy satisfy the conditions of Theorem 1.

PRrROPOSITION 16. Let ¢: R — A be any group homomorphism such that
(%) =9. For any dyadic multiple of 5, 3¢ - 5 € D - %, it holds

(m.my =
Pk "9) Tk

Proof. Note that for any z € [0, 5], we have p(x) = ¢(5 + §) = 2¢(5), hence
inductively (g5 - %) = 5% . ®

THEOREM 4. Let p: R — A be any group homomorphism such that o(5) =1.
For any x € (D - 3)\ {0}, there holds

0 < z(Cosp(x)) < Sinp(z) < x

Proof. The inequality 0 < Cos p(x) is trivial, as ¢[(D - §) \ {0}] € Ao \ {0}.

The other two inequalities will be proven by induction. The base case is with
numerator 1. Assume x = then o(x) = k~ 9. Hence we have to prove that

2k2’
2 281n<2k “I><7r, 2 ZCOS(%'(—O>W’

that is a direct consequence of Prop. 14.

Now, if x and y are of the form 2% Z for which the desired inequalities already

hold then

Sinp(z +y) = Sin(p(z) + ¢(y)) = (Sinp(z))(Cos ¢(y)) + (Cos ¢(x))(Sin p(y))
< Singp(x) + Sinp(y) < = + v,

Sin o(x Sin
Sinp(z +y)  Sin(e(z) + p(y) 28+ G
(

2k 2

Cosp(x) = Cosp(y)

Cosp(x+y) Cosp(z)+p(y) 1-— (SJ;“S‘Z((Z)) : g;nsi((?;))

Sinp(z) | Sine(y)
= Cosp(z) | Cosp(y)

>r+y. n

The next proposition implies that the sine and cosine are monotone and con-
tinuous on dyadic multiples of right angle.

PROPOSITION 17. Let p: R — A be any group homomorphism such that
¢(5) =1. Forz,y € D -5, there holds:

{ Cos p(z) > Cos p(y),

<
vy Sinp(z) < Sinp(y),



96 1. Zolk

and

| Cos p(x) — Cos ()| < |z —yl, | Sin p(z) — Sinp(y)| < |z —y|.

Proof. Note that if ¢,¢' € D (assume ¢ > t') then

o(t-5) Tt -5) taxt’-9  (xt) 9 t+t e tEt m
2 B 2 B 2 2 N 2 2)7
sincet_Tt/ED.

y?; € D - %) then due to Prop. 13 and Theorem 4, we

Now, if y > x (hence
have

Sinp(y) — Sin () = 2 (Cos ely) +oz) : ‘p(‘”)> - (sm Ply) = o) - ‘/’(x)> >0,
Cos o(y) — Cos p(x) = —2 (sm ‘W) . (sm M) <.

Therefore

|Cos ¢(x) — Cos p(y)| = 2 3

(@) + ¢(y)
Sin 5 ‘ .

gi P@) = #(y) ‘

|z —yl
<2~ = —_
<2 Yo jpy,

analogously for the sine. m

The following proposition is a direct consequence of Prop. 17.

PRrROPOSITION 18. Let ¢: R — A be any group homomorphism such that
©(3) =7 Let (x,) and (x;,) be sequences whose elements belong to D - 3. Let
lim,, (z,, — z,) = 0. Then

lim(Cos ¢(z,,) — Cos ¢(z},)) = 0, lim(Sin p(x,,) — Sinp(x),)) = 0.

THEOREM 5. Let p: R — A be any group homomorphism such that o(5) =1.
The functions (D - ) > x +— Sinp(z) € [0,1] and (D - §) 3 x — Cosg(x) € [0,1]
have uniformly continuous extensions to [0, 5.

First part of proof of Thm. 5. Prop. 18 yields that for ¢ € [0, 1], the limits

(1) li7rln Cos p(t, - 5), li7rln Sinp(ty, - §), t, €D, t,—t.

exist and are independent on the choice of the sequence (t,).

Indeed, since the sequence (t,) is convergent, it is Cauchy; now an argument
similar to that of Prop. 18 yields that the sequences (Cos ¢(t,,-5)) and (Sin ¢(t,-5))
are also Cauchy, hence convergent.
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g

Prop. 18 also yields that the limits (1) do not depend on the choice of the
sequence.

The proof of (uniform) continuity will be postponed until we denote the ex-
tensions.

DEFINITION 6. Define a mapping ¢: R — A as follows:
o forall t € D, we define p(t- ) =t 9,
o for all z € [0, 7] we define ¢(x) = (lim,, Sin ¢(zy,), lim,, Cos ¢(z,,)) where (z,)
is any sequence in D - 7 and converging to w,
e for all z € R, we define p(z) = p(z mod (27)) and if x € [0, 27) then p(z) =
¢(x mod ) + {%J -9
Denote
s(z) = Sinp(x), c(x) = Cosp(x), z €R.

PROPOSITION 19. The mapping ¢ defined as in Def. 6 is a group homomor-
phism.

Continuation of proof of Thm. 5. Fix ¢ > 0. We prove that for all z,y € R,
c o (e -ewi<e
2 le(z) —c(y)] <e.
It suffices to consider [0, 7] only. Take sequences (), (y,) with members from

D- % and z, — z, y, — y. Now

lz —y| <

le(z) — e(y)| = lim [ Cos p(zn) — Cosp(yn)| <lim|z, —yn| = o —y| <e.

The function s is treated analogously. m

Due to Prop. 10 we already have
THEOREM 6. For all x,y € R, there holds

c(x —y) = c(x)e(y) + s(@)s(y)-

THEOREM 7. There holds
im 2 1.
r—0+ X

Proof. Due to Theorem 4, there holds
0 < ze(z) < s(z) <=z, r € (0,%),

hence
(o) <D <1 e
T

It remains to note that lim c¢(z) =¢(0) =1.m

x—0

—~
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Due to Theorem 1, s and ¢ coincide with sin and cos (ordinary sine and cosine),
respectively. Hence, further on we only use the symbols sin and cos.

7. Inverse trigonometric functions
PROPOSITION 20. The functions sin and cos from [0, 7] to [0,1] are bijections.

Proof. The sine and cosine functions are strictly monotone when restricted
to D - % (see Prop. 17). Assume that there are numbers z,2' € [0, 7], z < 2’
such that sinz = sinz’. Find z1,22 € D - 5 such that ¥ < z1 < 72 < 7/, then
sinz < sinz; < sinzg < sinz’, a contradiction. The cosine function is strictly
decreasing for a similar reason.

Surjectivity of sin|jg z): [0, 5] — [0,1] and cos|j =): [0, 5] — [0,1] follows
from the Bolzano—Cauchy theorem: a function f that is continuous in the interval
[a,b] attains all values between f(a) and f(b). m

PROPOSITION 21. The functions sin: [-5, 5] — [~1,1] and cos: [0,7] —
[—1, 1] are bijections.

Proof. For the sine, the correspondences [—7,0] < [~1,0] and [0, 5] < [0, 1]
can be treated separately, due to sin(—z) = —sinz. The same about the cosine. m

Prop. 21 allows to define the inverse functions of the sine and cosine. Their
domain is [—1, 1], they are both continuous and strictly monotone.

The treatment of the homomorphism ¢ in the previous chapter left open the

question whether all angles (elements of A) are images of some real number. This
question will be resolved now.

PROPOSITION 22. The restriction of the group homomorphism p: R — A,
the function ¢|[g2x): [0,27) — A, is a group isomorphism.

Proof. Tt suffices to prove that <p|[07%] : [0, 5] — A is bijective. As sin and cos
are bijective in this interval, ¢ is injective there. Now for any o = [(1,0), (u,v)]
where u? +v? = 1 and u,v € [0, 1], we have sinz = u and cosz = /1 — (sinz)? =

V1 —u? =0, hence p(z) = . m

Prop. 22 allows to define the size of an angle a as (go|[0,2,r])71 (o) € [0, 2m).
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